VOL. 14,NO. 4, APRIL 1977

J. SPACECRAFT

231

Special Utilization of Triaxial Magnetometer Measurements
as Prime Attitude Determination Sensors

Brian F. Sullivan* and Marvin E. Stick}
Boston College— Newton Campus, Newton, Mass.

and

Robert E. Mclnerneyt
AFGL Computation Center, Hanscom AFB, Mass.

Mathematical and data analysis techniques are developed to determine the attitude of a rocket whose
measuring devices encounter a partial failure. These devices consist of a set of triaxial magnetometers and a
lunar (solar) aspect sensor. However, for this analysis, the lunar sensor provides only the times of its
measurements, not its line-of-sight angles. Magnetometer measurements are corrected, and then used with the
times of the lunar readouts and empirical lunar and magnetometer values to calculate lunar angle measurements.
Standard attitude determination techniques are applied to find the elevation and azimuth of the rocket axis.
Using the orientation of the rocket axis, attack angles with the lunar and magnetic field vectors are simulated.
Further, if the rocket is well behaved and an orientation of its axis can be determined during this time period,
then it is possible to calculate the axis of precession. These technigues are applied to rocket A09.209-1, whose
primary attitude sensing devices consisted of a triaxial set of Schonstedt 600 Milligauss Magnetometers and a
Bay Shore Lunar Sensor. The lunar sensor angular output was saturated for all but a few points on the lower
altitude portion, but times of lunar measurements were available.

1. Introduction

HE inability to determine reliable attitude information

when the attitude measuring systems encounter a partial
failure has caused experimenters to disregard some of their
experimental attitude-dependent measurements. This paper
presents mathematical and data analysis techniques developed
to calculate the angular values of a lunar or solar (hereafter
referred to as lunar) aspect sensor which reads out only when
the sensor, moon, and rocket axes are coplanar but only
provides the times of the measurement. These angles are
calculated using continuous corrected measurements ofan on-
board triaxial magnetometer system and times of the lunar
measurement. Once these lunar angles are known, standard
attitude determination techniques for a rocket whose attitude-
sensing system consists of triaxial magnetometers and a lunar
aspect sensor can be applied. For our standard attitude
analysis, it is desirable to have simultaneous attitude
measurements on a given vehicle axis.

If a rocket has a constant angular precessional velocity,
then the axis of precession can be determined during this
specified time interval given a single orientation of the axis,
the precessional period, the half-cone angle, and acceptable
magnetometer measurements. Having determined this axis,
the generating equation for the rocket axis position, during
the well-behaved period, can be expressed as a function of the
axis of precession, the half-cone angle, and the vehicle
angular velocity.

These techniques were applied to determine the attitude of
the Ute-Tomahawk Rocket A09.209-1, fired at White Sands
Missile Range, New Mexico. The attitude-measuring system
of this rocket consisted of a set of triaxial Schonstedt 600
Milligauss Magnetometers and a Bay Shore System Lunar
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Sensor, model number LS-11-DR-2. The lunar sensor angular
output was saturated for nearly the entire flight and only
functioned for a few discrete points on the descent portion of
the flight, but the times of the lunar readouts were deter-
mined. Two of the magnetometers which were perpendicular
to the rocket axis were in the same plane as the lunar sensor
but 45° out of phase. Therefore, for our attitude deter-
mination analysis, the lateral magnetometer measurements
were phase shifted so that the sensing axis of one of them
would have the same orientation as the lunar aspect sensor
axis. Further, acceptable magnetometer measurements were
difficult to achieve due to the effect on them of an onboard
motor which had four magnets and created permanent
magnetic fields which were modulated at the spin frequency
of the motor. However, permanent and induced magnetic
field corrections were estimated by a technique of solving a
3 x 3 system of linear equations using the actual flight data
and the model Earth’s magnetic field.

II. Attitude Determination Procedures
Magnetometer Measurement Corrections

Vehicle attitude determination using an attitude-sensing
combination of a lunar sensor and reliable magnetometer
measurements has long been established.! The following
discussion relates to corrected magnetometer measurements.

Since magnetometers sense the total ambient field, ac-
ceptable measurements require that all permanent, stray, and
induced fields be accounted for as accurately as possible.
Should preflight magnetometer calibrations be available, then
permanent and induced magnetic field contributions can be
determined. Frequently, however, preflight calibrations are
not available, and the permanent and induced magnetic fields
must be estimated using actual flight data.

To minimize the magnetometer output error for a triaxial
orthogonal magnetometer system, we initialize the permanent
field contribution «;(i=1, 2, 3) for each of the mag-
netometers by data inspection. With the theoretical magnetic
field M, we can form the equation

M’=A,[MAGl+a,]? + A,[MAG2+a;]?

+ A;[MAG3 +a3]7 (1)
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where MAGI, MAG2, MAG3 are the telemetered
magnetometer outputs converted to milligauss by previously
supplied vendor-calibration curves. The intermediate in-
ducing factors A;(i=1, 2, 3) are solved by setting up a 3 x3
linear system and using Gaussian elimination. A root mean
square (rms) is then computed between the measured total
magnetic field and the theoretical total field. The in-flight
permanent field bias «; for each magnetometer is updated
within a specified iteration interval. Those values of «; and A4;
which cause the calculated field to converge within a +2%
tolerance limit of the total field and for which the rms is a
minimum, are used as the permanent and induced field
corrections to the magnetometer output.

Once acceptable magnetometer data are calculated, then
along with the times of lunar measurements, it is possible to
calculate lunar angular values.

Determination of Lunar Angular Values

Let X, ¥, Zbean orthonormal system of unit vectors, with
X paraliel to the rocket axis, ¥ perpendicular to the rocket
axis and in the direction of the lunar aspect sensor axis and
one of the magnetometer axes, and Z=XXx Y.

Since the lunar aspect sensor reads out only when the moon
is in the plane of X and ¥, the unit moon vector S can be
expressed in this vehicle system by

S=cosB. X + sing, ¥ 2)

where (3, is the converted measured lunar angle.
The measured Earth’s magnetic field vector can also be
expressed in this vehicle system as

M=M.X + M,¥ + M.Z 3)
where M, My, M are the corrected measurements of the

triaxial set of magnetometers.
Then expressing M as a unit vector

.M M, . M M.

M= =—X4+—L Yy 7
IMI IMI IMI iMI
:cosa_\.X + cosa_vf’ + cosa:Z (4)
where IMI =VMZ+MZ+ M1~

The scalar product of the M and § at the time of a lunar
measurement is given by

(M-S) ;= cosa cosf, + cosa,sing, )

The scalar product can also be derived from empirical
sources? with the expressions

M= é()(,xm + é(b(vym + ér‘.zm (6)
and

S=éy s5,+é, +é s; Q)
The system €, , € , é,{ is a local orthonormal system of unit
vectors (Fig. 1) with eo tangent to the meridan circle through
the launcher and pomtmg to true North, é, tangent to the

circle of latitude through the launching tower and pointing
East of North, and

Then

(M'§)2:xrnsl + YmS2 + TS (8)
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and with acceptable magnetometer measurements
(M-$) ;= (M-5), )
or
(M-§)2=cosaxcosﬁs + cosa,sing; (10)

Dividing both sides by cosB; and squaring them results in a
quadratic equation involving the variable tan ;. Solving by
conventional methods, we find

~ COSQ, COSQ

tan B, = ————— 2
B, cosal— (M-8)

(M $) ;Veosal+cosal~ (M-S)3
cosay—~(M S)z

Since the angle between the moon and rocket axis at launch
can be calculated and then updated with rate-of-change in-
formation available from the longitudinal magnetometer
output, a tolerance limit can be established for 3, values and
the ambiguity of sign in Eq. (11) resolved.

an

Determination of Elevation and Azimuth of Rocket
ata Lunar Readout Time

The rocket axis X can be expressed as a linear combination
of the three unit vectors, M, S, and Mx S/ IMx S| ; i.e.

X=aM + 8§ + v(MxS)/ \MxS| (12)
Solving the linear system

a=(cosa, — (M-§) cosB,)/ IMxSI? (13a)
B=(cosB, — (M-S) cose,) / IMxS1? (13b)
y=(MSX)/ MxS| = —cosa, sinB,/ IMxS| (13c)

X can also be expressed in the éy,> €y, €, systemas
X= &y cosd,cosd, + €, cos,sing, + €, sinf (14)

where 6, is the elevation of the rocket axis above the local
horizontal plane at launch and ¢, is the azimuth of the rocket

A
8x = Elevation of X

(DX = Azimuth of X
Fig.1 Coordinate system.
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axis measured positive East of North. Then

oz +Bs;+y(MS é, )
IMxS1?2

sind, = (15)
oYm+Bs;+v(MS é, )

t = =~
an¢x OLX,,,"’BS[ +’Y(MS égc)

(16)

Determination of the Axis of Precession

If the rocket axis has assumed a constant angular velocity
of precession, then the axis of precession e, can be expressed
inthe 79 égc, é,c system by

e, =€ _cosf cosp,+é, cost, sing, + e, sinf,, an

where 6, and ¢, are the elevation and azimuth, respectively.
e, can also be expressed as a linear combination of three unit
vectors M, X, and MxX/IMxX|. The angles 6, and ¢,
can be determined in a manner similar to that used for 6, and
by, 1.€.

e,=a,M + B,X + v, M (18)
IMxX|

where
o, = (COsB, — cosa,cos&) /sin’a, (192)
B,= (cosi@—cosa,cosB,) /sin’a, (19b)
v,= (MXe,) / 1M x X| (19¢)

and

cosa=half-cone angle=X-e, (20)
cosB,=M-e, @

Then
Sind, = apZmt+ B”Sirfo"; Yp (MX’e,C ) 22)

sin‘a,

tang, = apy s+ 3,080, Sing, +y, (MXéC,C ) 23)

WX i+ 8,080,056+, (MXé, )

An ambiguity of sign that may occur in the expression for
v, is resolved by generating G, values using both possible
~ solutions. These two solutions are compared with the
previously calculated 3, values. The solution that compares
best in phase and structure determines the sign to be used.

Generation of Attitude Data

Once the axis of precession is determined, then the
generating equation for the rocket axis X at any time ¢, as
described in Ref. 3, is

X(t) =e,co8a + &, sina cos(wy? +x) +e,sina sin(wyt +x)
(24)

where
ey =de,/30,= —e, sinf,cosd,— é¢c sinf,sin¢, + é, cost,

@5)

de, L.
e,=1/cosb, 5(? = —& sing, + &, cosp, (26)
§2

x=tan " '{ (M-e,) / (F-€,) ) —wot,

at a time 7, of the maximum of the axial magnetometer.
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Transforming X (1) to the €., é%’ €, system and expressing
in terms of direction cosines

X(1) =€, cosay + é¢>c Coscy, + e‘,C cosa, 27
where
cosa, =X (1) -y, (28a)
cosay =X (1) €, (28b)
cosa, = X (1) €, (28¢)

X (1) can also be expressed in terms of its elevation 9, and
azimuth ¢, angles by

X (t) =é;_cosb,cosp, + €,,cos0,sing, + é, sinf, (29)

Then by equating coefficients for both expressions of X(7),
the attitude at any time ¢ is given by

0, =sin ~/(cose, ) GO

¢, =tan " (cosa,/cosfy) ‘Gn

Generating Magnetometer and Lunar Measurements

The simulation of the angles that the rocket axis makes with
the moon and the Earth’s magnetic field was performed by
taking scalar products of § and M with X ()

B,(generated) =cos ~! (§- X (1))
=cos ~/ (s,cos0,cosp, + $,c080,5in¢, +s5;sind, ) (32)
a, (generated) =cos ~! (M- X (1))

=cos ! (x,,c080,cosp, + y,cosf, sing, + z,sind.) (33)

III. Rocket A09.209-1

This analysis was applied to the rocket A09.209-1, whose
primary attitude sensing devices on board consisted of a
triaxial set of magnetometers and a lunar sensor. Also aboard
was a set of photometers which provided approximate lunar
information. With these sensors, it-was possible to calculate
the attitude for onboard probes at any time during the flight.

Lunar Sensor

The Bay Shore lunar sensor had its sensitivity set to read
out a wide range of high lunar phase angles with a resolution
of 2° and an accuracy of =1°. The sensor was mounted in
such a way that it read out only when the rocket axis, the
moon, and the sensor axis were all in the same plane (once per
spin of the rocket). The sensor output, which was in the form
of a digital code, could be converted directly to lunar aspect
angles. The angles this sensor was capable of reading ranged
from +70° to —26° as measured from the centerline of the
sensor.

Photometers

On board this vehicle was a set of three solar blind
photomultipliers with uv interference filters with a limited
field of view. This set of photometers was mounted in such a
manner that the projections of the three photometers on the
plane perpendicular to the rocket axis were coincident with
projection of the lunar sensor, i.e., the azimuth angles in the
horizontal plane were equal. However, only one of the
photometers was aligned with the lunar sensor and this
photometer failed to function properly. The others, one with
a 2750 angstrom filter which was mounted up 5° from the
horizontal plane and the other with 2600 angstrom filter
which was mounted up 10° from the horizontal plane, func-
tioned properly.
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The output from these two photometers provided some
lunar information since they indicated maximum intensities
when sensing the moon.

Magnetometers

The magnetometer system on board was a triaxial fluxgate
magnetometer, specifically designed for use in rocket attitude
measurement systems. A measured field component within
the range of +600 milligauss was converted to an analog
voltage defined by the equation

E=2.40 + .004 H cos¢

where E is the output in volts, H is the ambient field in
milligauss, and ¢ is the angle between the magnetic field
vector and sensor’s positive magnetic axis. The vendor’s
calibrations for this system were not performed under
simulated flight conditions.

Errors in Magnetometer Readouts

On this flight was a Siemens brushless dc motor with four
permanent magnets which spun at approximately 3000 rpm.
This motor was located 30° off the longitudinal axis and in a
plane parallel to door 1 (Fig. 2) and modulated the voltage
output of the three magnetometers. The absence of simulated
flight condition calibrations, coupled with the effects of the
motor on the magnetometers, made normal, permanent, and
induced field corrections extremely difficult. The effect of the
motor on all three magnetometers is demonstrated in Fig. 3a-
¢, where

MAG1 =.112 volts =26.88 milligauss
MAG?2 = .147 volts = 35.28 milligauss

MAG3=.3 volts=72 milligauss

The effect of this motor on the magnetometers was
removed from the measurements by using averaging
techniques,* and best estimates® of the permanent and in-
duced fields on each magnetometer were determined by

Eq. (1).

Magnetometer Phase Shifting

To properly utilize the standard attitude determination
technique mentioned, it is desirable to have simultaneous

LUNAR SENSOR

AA
N e
Paytoad Axis
(View from nose)
INSTRUMENT (degrees) {degrees)
MAG1 0 0
o o
MAG2 225 20
o o
MAG3 315 90
o
Lunar Sensor 0 20
)
2750 A Photometer o] 85
o
2600 A Photometer 0 80
o o
Siemens Brushless Motor 90 30

Fig.2 Ute- Tomahawk A09.209-1 instrument orientations.
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Fig. 3 The effects of the motor on a) MAGI1, b) MAG2, and ¢)
MAG3.

readings of the Earth’s magnetic field and the moon from
attitude-sensing devices with the same orientation on the
vehicle. On this particular vehicle, the lunar sensor and both
lateral magnetometers were mounted normal to the axis of the
rocket, but MAG3 and the lunar sensor were out of phase by
45° (Fig. 2).

To properly align a magnetometer axis parallel to the lunar
sensor axis, we begin by defining the unit vectors U and
V along the U and V magnetometer axes, respectively, as

U= éy cosf,cosd, + é,,,ccosO,,sinqS,, +é,. siné,, 34)
V= éy_cosl cosp, + e, cosf,sing, + € sinb, 3%5)

Then the unit vector Y along the lunar sensor axis and in the
plane of U and ¥V can be expressed as

P=UcosQ + ¥ sinQ (36)

-

where Q is the angle between the lunar sensor axis and U
magnetometer axis.
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A09.209-1
LUNAR PITCH ANGLE
AXIS
ALTITUDE IN KILOMETERS
116.5 167.3 174.7 168.8 139.5
200.0 + +— +
L 175.4
b APOGEE
150.0 -
w
w +
w
T 100.0
[}
w
[a]
b
50.0
0.0 P Lo aay I ' "
0.0 50.0 100.0  150.0 200.0 250.0 300.0 350.0 400.0

SECONDS AFTER LAUNCH

Fig.4 A09.209-1 lunar pitch angle of the vehicle axis.

_ The scalar product of the Earth’s unit magnetic field vector
M as defined in Eq. (6) with Yis given by

cosa, = (M- ¥) = (M-U) cos@ + (M-P) sinQ 37

where (1\71 -0 ) and (M - Py are equal to the actual normalized
magnetometer outputs M, and M. Then

cosa, = M, cos{l + M, sinQ) (38)

is the expression that represents the cosine of the angle be-
tween the magnetic field and the lunar sensor axis.

A09.209-1 Attitude Results

Continuous attitude information was required for the entire
time the photometers functioned properly, i.e., 51-376 sec
after launch. This time interval included the lower altitude
portions of the flight during which the rocket’s axis of
precession was not constant and the vehicle not well behaved.

For the ascent portion of the flight from 51-91.2 sec, no
lunar angle information was available. However, lunar
angular values were calculated wusing the corrected
magnetometer output, its behavioral pattern, and the times of
lunar readouts. With this lunar information and
magnetometer output, we were then able to determine attitude
of the rocket axis.

During the well-behaved portion from 91.2-348 sec,
analysis of the magnetometer measurements indicated the
vehicle to have a constant angular velocity of precession.
Attitude and B, values during this interval were therefore
calculated using procedures described in Sec. II. The
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calculated data compared favorably with the behavioral
characteristics of the photometer data.

During descent, two types of lunar information were
available for attitude determination. The first consisted of
lunar sensor angular outputs at a few discrete points, but
these angles were reflecting a 4° cone of uncertainty. The
equations for elevation and azimuth of the rocket axis
discussed in Sec. II were used to calculate the attitude for
these points. The second type was provided by corrected
magnetometer measurements and only the times of lunar
readouts. This information, together with the discrete attitude
points, provided sufficient measurements with which to
calculate attitude during this lower altitude portion of flight.
The calculated angle between the lunar probe and moon
vector fell within the 4° cone of uncertainty established by the
discrete lunar angle measurements and also agreed with the
behavioral structure of the photometer measurements.

The estimated lunar attack angle with the vehicle axis is
displayed in Fig. 4.

1V. Concluding Remarks

By referencing appropriate vectors to the fixed inertial
system, the attitude determination procedures discussed in
this paper can also be applied to satellites. Onboard in-
formation is defined as in Eqs. (2) and (4). If necessary, a
modification to the vector S can easily be made to ac-
commodate a contribution in the Z direction. When con-
sidering offboard information, the rotation of the Earth
about its axis and its rotation about the sun must be taken into
account. To express attitude in terms of a geocentric system of
coordinates would not suffice due to the above-mentioned
angular contributions. A convenient fixed system i, j, k can be
defined with respect to the Vernal Equinox with the unit
vector i pointing from the Vernal Equinox toward the sun, the
unit vector k parallel to the north polar axis, and j=k xi. The
unit vector j lies in the equatorial plane of the Earth. In this
reference system, direction cosines can be derived from Eqs.
(6) and (7).
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